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Abstract 

In the early 1990's, Avram and Taqqu showed that regularly varying mov- 
ing average processes with all coefficients nonnegative and the tail index a 
strictly between and 2 satisfy functional limit theorem. They also con- 
jectured that an equivalent statement holds under a certain less restrictive 
assumption on the coefficients, but in a different topology on the space of 
cadlag functions. We give a proof of this result. 
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1. Introduction 

It is known that the partial sums of i.i.d. regularly varying sequences 
with the tail index a 6 (0, 2) satisfy the functional limit theorem with an 
a-stable Levy process as a limit. This was first shown by Skorohod in 1950's 
using his concept of J\ topology on the space of cadlag functions. For a 
nice contemporary presentation of this result we refer to Resnick j^j, Chap- 
ter 7. Naturally, one wonders whether the same holds for other stationary 
sequences. It turns out that, by introducing other alternative topologies on 
the same space, Skorohod gave us the right tools to study this issue. This 
was first observed by Avram and Taqqu |2| who showed that the functional 
limit theorem holds for regularly varying moving average processes provided 
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that they have all coefficients of the same sign. They used Skorohod's M\ 
topology to obtain the result and made a further conjecture that a similar 
theorem holds under a less restrictive assumption on the coefficients of the 
moving average process, but in somewhat weaker M2 topology. The principle 
goal of our paper is to show that this is indeed true. We start by stating the 
problem precisely. 

In the sequel, (^) ieZ denotes an i.i.d. sequence of regularly varying ran- 
dom variables with index of regular variation a G (0,2). In particular, this 
means that 

P(\Zi\ > x) = x~ a L(x), x>0, 

where L is a slowly varying function at 00. Let (a n ) be a sequence of positive 
real numbers such that 

nPflZxl >a n )->l, (1.1) 

as n — > 00. Regular variation of can be expressed in terms of vague 
convergence of measures on E = R\ {0}: for a n as in (11.1ft and as n — > 00, 

«P(rte-) A //(•), (1-2) 

with the measure \x on E given by 

H(dx) = (pl(o,oo)(aO +rl(_ OO)0 )(i)) a|x|" Q_1 dx, (1.3) 

where 

» = lim -^77 and r = lim ^/ < — (1.4) 

^ ^ooP(|Zi|>x) P(|Zi| > X) V ' 

Under these assumptions on the sequence (Zj), we study the moving average 
process of the form 

00 

Xj = ^ VjZi-j, i e Z, 

j=-oo 

with coefficients satisfying 

< 00 for some < 5 < a, <5 ^ 1. 

j=-oo 

Astrauskas [l| and Davis and Resnick j3] showed that the normalized sums 
of Xj's under these conditions converge in distribution to a stable random 
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variable. A natural generalization of this result would be a functional limit 
theorem for the partial sum process of X^s with respect to some natural 
topology on D[0, 1]. In other words, it is interesting to show 



in D[0, 1], where V( ■ ) is an a-stable Levy process and c n are appropriate 
centering constants, D[0, 1] being the space of right continuous functions on 
[0, 1] with left limits. 

If Xi is a finite order moving average with at least two nonzero coefficients, 
then the convergence in (11.51) cannot hold in the J\ sense, see Avram and 
Taqqu [2J for instance. However, if all coefficients (fi are nonnegative, then 
the convergence in ( 11. 5ft holds in the M\ topology according to Avram and 
Taqqu 0], see their Theorem 2 (see also Corollary 1 in Tyran-Kamihska (6|). 

In the same article, Avram and Taqqu made the following conjecture: if 
tfij = for j < 0, ifo, tpx, . . . £i and if for every K, 



then ( II. 5p holds in M 2 topology. This topology, is again due to Skorohod (for 
an extensive discussion of topologies onD[0, 1] we refer to Whitt [3]). As our 
main result we give a proof of Avram and Taqqu's conjecture. In order to 
do so, we first recall the precise definition of the M 2 topology. We proceed 
by proving the conjecture for the finite order moving average processes in 
Section [21 and then finally in Section [31 we extend this to infinite order 
moving average processes. 

The M 2 topology on D[0, 1] is defined using completed graphs. For x G 
D[0, 1] the completed graph of x is the set 

1^ = {(t, z )e[0,l]xl:« = Ax(t-) + (1 - A)z(t) for some A G [0, 1]}, 

where x(t—) is the left limit of x at t. Besides the points of the graph 
{(t,x(t)) : t G [0, 1]}, the completed graph of x also contains the vertical line 
segments joining (t,x(t)) and (t,x(t—)) for all discontinuity points t of x. 
An M 2 parametric representation of the completed graph T x is a continuous 
function (r, u) mapping [0, 1] onto T x such that r is nondecreasing, with r 




(1.5) 
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being the time component and u being the spatial component. Let U Sj2 (x) 
denote the set of M 2 parametric representations of the graph T x . For x±, x 2 G 
D[0,1] define 

d s , 2 {xx,x 2 ) = inf{||ri - r 2 || [o,i] v IK _ u 2||[o,i] : { r u u i) G Ti S)2 {xi),i = 1,2}, 

where ||a;||[o,i] = su p{ 1^(^)1 : t G [0, 1]} and a V b = max{a, b}. Now we say 
that x n — > x in D[0, 1] for a sequence (x n ) in the Skorohod M 2 topology 
if d Sj2 (x n ,x) — > as n — > oo. The M 2 topology is weaker than the more 
frequently used Mi and J\ topologies which are also due to Skorohod. The 
M 2 topology can be generated using the Hausdorff metric on the spaces of 
graphs. For X\,x 2 G D[0, 1] define 



where d is the metric on M. 2 defined by d((x\, yi), (x 2 , y 2 )) = \x± — x 2 \ V\yi — y2 
for (xj, yi) G M 2 , i — 1,2. The metric o?m 2 induces the M 2 topology. 

2. Finite order MA processes 

Let fo, V 9 !) • • • 5 fg (f° r some fixed q G N) be real numbers satisfying 



Put $ = $(g) = XliLoV 9 *- Without loss of generality assume $ > 0. The 
case $ < is completely equivalent if we multiply the noise sequence (Zj) 
by minus 1, and is therefore omitted. Observe that condition (12.1 p implies 





for every s — 0, 1, . . . , q. 



(2.1) 




s 



and 




for every s = 0, 1, . . . , q. 



i=0 



l = S 



Let (X t ) be a moving average process defined by 



t—ii 



t G Z. 



4 



Define further the corresponding partial sum process 

1 / Ln * J \ 

an V i=i / 

where 

0, ae(0,l] 

^E(Z 1 ), ae(l,2) 

Theorem 2.1. Lei (Z;); e z be an i.i.d. sequence of regularly varying random 
variables with index a G (0,2). When a = 1, suppose further that Z\ is 
symmetric. Assume real numbers tpo, tpi, . . . ,tp q satisfy \2.1\) . Then 

V n (-)A$V(-), n->oo, 

in D[0, 1] endowed with the M2 topology, where V is an a -stable Levy process. 

Remark 2.2. The characteristic Levy triple of the limiting process V in the 
theorem is of the form (0, /i, b), with \i as in (11. 3ft and 

0, a = 1 

(p-r)i^, ae(0,l)U(l,2) ' 

In the proof of the theorem we are going to use the following simple 
lemma. 

Lemma 2.3. (i) For k < q it holds 

k fT> V k V k ~ l V 9 9_1 V 9 

1=1 t=l u=0 s=u-\-l u=k—q s=u+l 

q~k—l u+k 



«=0 s=u+l 



(mJ For k ^ q it holds 



k rF> V fc V 9-1 -7 9 9-1 V 9 

\ -Aj \ ^ ^fe-u \ ^ \ ^ A— u 

— -Z^ = 2^ — ^-Z^— 2^ V' 

« = 1 1 = 1 M=U S = U+1 U=0 S=U+1 

=: H n (k)-G n . 
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(Hi) For q^k^n — qit holds 

k ^ 7 k+q q-1 q q q-u 

i=l i=l u=U s=u+l u=l s=0 

=: -G n -T n (fc). 

Proof of Lemma 12.31 We prove only (i), since the other two statements 
can be proven similarly. Note first that for every k G N it holds that 

k q k kh{q+l) 

t=l j=0 /=1~ q i=XVl 

(k-l)Aq k (fc-Z)Ag 

/=l- ? s=l-Z Z=l s=0 

Since k < q, by ( 12. 3 j) we have (recall $ = XlLoV 9 *) 

i=l i=l 

fe fe— q q fc— i fc k—l 

= Y,® Zi ~ E Z 'Z)^»~ E ^E^~E Z 'E^ 

i=l 1=1—9 s=l-/ i=fc— q+1 s=l-/ /=1 s=0 

/=1 s=fc-2+l J=l— g s=l-Z l=k-q+l s=l-l 

Now, we use the change of variables (u = k — I for the first term on the right 
hand side in the last equation, and u = — I for the second and third term) 
and rearrange some sums to arrive at 

k k k-1 q q—l q 

E $Zj ~E Xi = Y Zk ~ u E E Z - u E ^ s 

i=l i=l u=0 s=u+l u=k—q s=u+l 

q—k—1 u+k 

- z - u J2 

M=0 S=U+1 

□ 
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Remark 2.4. Note that random variables H n (k) and T n (k) are independent. 

Proof of Theorem 12.11 Case a e (0, 1]. Since the random variables Za 
are i.i.d. and regularly varying, Theorem 7.1 and Corollary 7.1 in Resnick [i[ 



and Karamata's theorem immediately yield V^f ( ■ ) A $ V( ■ ), as n — > oo, in 
(£[0,1],^), where 

Ln ' J $ 7 



and V is an a-stable Levy process with characteristic triple (0, /i, 0) if a = 1 
and (0, fi, (p — r)af (1 — a)) if a G (0, 1) with p and r as in (11.4ft . 

Using the fact that Ji convergence implies M2 convergence, we obtain 

V^(-)4$y(-), n^oo, (2.4) 
in (D[0, 1], djvf 2 ) as well. If one can show that for every e > 

lim P[d M2 (V^,V n )>e]=0, 



an application of Slutsky's theorem (see for instance Theorem 3.4 in Resnick |5| 

will imply V n ( ■ ) -4 $ V( ■ ), as n ->■ 00, in (Z?[0, 1], d M2 ). 

Fix e > and let n G N be large enough, i.e. n > max{2g, 4g/e}. Then 
by the definition of the metric d,M 2 , we have 



dM 2 (Vn ) Ki) = I SU P i n f d(a,b) I V ( sup inf d(a,b) 
\aeT v zber Vn J \ aeTvn ber v z 

=■ Y V T 

Hence 

P[cWK Z > > e] < P(Y n > e) + P(T n > e) (2.5) 

Now, we estimate the first term on the right hand side of (12. 5ft . By the 
definition of Y n , the Hausdorff metric and the choice of number n, we see 
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that 



{Y n > e} C {3 a G Tyz such that d(a, b) > e for every 6 G IV n } 

C {3 A; G {l,...,q- 1} such that \Vf (k/n) - V n (k/n)\ > e} 
U {3 k G {q, . . . ,n - q} such that \V r f(k/n) - V n {k/n)\ > e 

and \V^(k/n) - V n ((k + q)/n)\ > e} 
U {3 k G {n - q+ 1, . . . ,n} such that \V„(k/n) - V n (k/n)\ > e} 



= : a:ub:uc:. 

By Lemma 12.31 (i) and stationarity we obtain 



(2.6) 



Y(Al) < E P (|E 



fc=l 



fe-i 



^ 7) 



V I 



> e 



< E p(E 

fe=i L 



\Zk-u 



i=l 

q 



u=0 n s=u+l 



e 

> - 
3 



9-1 



p (E^Ei^ 

u=k—q s=u+l 



e 

> - 
3 



q-k-l 



\Z-u\ 



u+k 



>3 



« 3(,-l)(2,-l)p(l^l> 



3(2g- 1)0 

where = ^^=o 1^1 > 0- Hence, by regular variation property we observe 

lim P(A^) = 0. (2.8) 

n— too 

Next, using Lemma [2731 (ii), (iii) together with stationarity and the fact that 



(2.7) 
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H n (k) and T n {k) are independent, we obtain 

P(B%) = P (3 k G {q,...,n-q} such that \H n (k) - G n \ > e 

and | — G n — T n (k)\ > e 



n—q 



^ p (|cy >l)+J2 F (\ H M\ > \ and \ T ^ k )\ > \ 



k=q 
n—q 



k=q 



\Gn\ >-) 



> g ) P ( l T « 



> 



a n zg^ / n 



n p|^> 



whence we conclude 



lim ¥{Bl) = 0. 



(2.9) 



In a similar manner as in (12.71) . but using (ii) from Lemma [2.31 instead of (i) 
we get 

lim P(Cj) = 0. (2.10) 



From relations (j2^6|) . f l2~8|) . ( jUJ) and fl2TT0|) we obtain 

lim P(Y n > e) = 0. 



(2.11) 



It remains to estimate the second term on the right hand side of (12. 5p . 
From the definition of T n , the Hausdorff metric and the number n it follows 

{T n > e} C {3 a G Ty n such that d(a, b) > e for every b G Tyz} 

C {3fce{l,...,2g-l} such that \V n (k/n) - V r f(k/n)\ > e} 
U ^3k G {2q,...,n} such that d((k/n,V n (k/n)),T v z) > |j 



(2.12) 



Using Lemma I2TB1 (i) and (ii), one could similarly as before for set A\ obtain 

limP(£) = 0, (2.13) 

n— >oo 

To bound P(B^) we need a new argument. For each k ^ 2q, set v z ' mm = 
min{V n z ((k-q)/n),V n z (k/n)} and Vf max = mK{^((fc-g)/n),7/(*/n)}. 
Since the completed graph T v z is connected, if 

4we(^ ~4' y fc +4) 

then d((k/n,V n (k/n)),T v z) < e/2 for all n large enough so that g/n < e/4. 
Therefore, P(B^) is bounded by 

P [ 3 k G {2g, . . . , n} such that ^ — > Vf ' max + 6 

+ P ( 3 k G {2g, . . . , n} such that ^ — < V fc Z ' min - -J 
\ i=i ° n V 

In the sequel we consider only the first of these two probabilities, since the 
other one can be handled in a similar manner. Note, that the first probability 
using Lemma 12. 3\ can be bounded by 

P ^3 k G {2q, . . . , n} such that G n — H n {k) > - and G n + T n (k — q) > - 

< p(g„>|) 

+P ( 3 k G {2q, . . . , n} such that H n (k) < -- and T n (k - q) > - 
V 8 8 

As before P{G n > e/8) -> as n -> 00. For the second term, note, 

9-1 g q 9-1 g u 

^n(fc) = — — 5^ and r n (A; - q) = V] — — V" . 

u=0 n s=m+1 u=0 s=0 



Hence, that term is bounded by 

/ 9-1 £ 9 9-1 £7 u 
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where we used the stationarity of the sequence (Zj) . Observe now that 
the sums ^" =0 y? s and YH= u +i are both nonnegative and bounded by 
=0 (f s , see (|2.ip. Therefore, the last expression above is bounded by 

3i,je{0,...,q — l},i^j such that <3>— - < and $— - > 

\2y v «~ 89* J 

which clearly tends to as n —> 00, by the regular variation property of the 
random variables Zj. Note that the case i — j above is not possible since 
then we would have Z_j < and Z_j > 0. 

Together with relations ( 12.12)) and (1 2 . 1 3 1) this implies 

lim P(T n > e) = 0. (2.14) 

n— too 

Now from (l2"3|l . (l2~TTj) and (l2~T4j) we obtain 

lim P[d Ma {V?,V n ) >e] =0, (2.15) 

n— >co 

and finally we conclude that V n { ■ ) A $ V( • ), as n — >• 00, in (-D[0, 1], djvf 2 )- 
Case a G (1,2). In this case E(Zi) < 00. Define 
Z^ = Zi-E(Zi), zGZ. 

Then E(Z|) = and (Z-)j is an i.i.d. sequence of regularly varying random 
variables with index a. Then it is known that, as n — > 00, the stochastic 
process 

L«*J z , z . 

w„(t) == X) r " L^JEMWan}), t e [0, 1], 

converges in distribution in (D[0, IJ^mJ to an a-stable Levyprocess with 
characteristic triple (0,/^, 0) (cf. Theorem 3.4 in Basrak et al. [3j). By Kara- 
mata's theorem, as n — > 00, 
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with p and r as in ( II. 4p . Thus, as n — > oo 

Ln-jE(^l { | Zl | >an} ) -^(-)(p-r) 



a — 1 



in (D[0, 1], djv/i)- Since the latter function is continuous, an application of 
Corollary 12.7.1 in Whitt 0] (which gives a sufficient condition for addition to 
be continuous) and the continuous mapping theorem give that the following 
stochastic process 

[ntj [n*J y y y 

E 7T = E -r - LntJE (;r) = Wn{t) - ^H^^y) > * G t ' ^ 

1=1 1=1 

converges in distribution in (D[0, 1], c?Mi) to an a-stable Levy process V with 
characteristic triple (0,/i, (p — r)a/(l — a)). Define now 

j=0 



and 

KW = E7 and ^W^E^r 1 ' 

1=1 8=1 

Now we can repeat all arguments used in the case a G (0, 1] to obtain 

Vf(-)A$V(-), n^oo, (2.16) 

in (D[0, 1], d^)) an d 

limP[4#f,K:)> f ]=0, e>0. 

n— >oo 

Note that V n = V„ and therefore V n { ■ ) -4 $ V( • ), as n -» oo, in (-D[0, 1], g?m 2 )- 
This concludes the proof. □ 

3. Infinite order MA processes 

Let {ipi, i — 0, 1, 2, . . .} be a sequence of real numbers satisfying 

oo 

EH 5<0 ° (3.1) 

i=0 
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for some < 8 < min{l, a}, and 

s I oo 

O^^y^/^^^l, for every s = 0, 1,2. . .. (3.2) 

i=0 / i=0 

Let $ = $(oo) = Y^LoPi- Condition flBTTj) implies $ is finite. Without 
loss of generality assume $ > (as before, the case $ < can be handled 
similarly) . 

Let (X t ) be a moving average process defined by 

oo 

x t = y~] < Pi z t-i, tez. 

Condition (13. ip ensures that X t converges in L s and a.s. Define further the 
corresponding partial sum stochastic process V n as in (12. 2p . 

Theorem 3.1. Let (Zi)^ be an i.i.d. sequence of regularly varying random 
variables with index a G (0,2). When a = 1, suppose further that Z\ is 
symmetric. Let {(fi,i = 0, 1,2, . . .} be a sequence of real numbers satisfying 
( EP and (T33). Then 

V n (-)A$V(-), n^oo, 

in D[0, 1] endowed with the M2 topology, where V is an a -stable Levy process. 

Remark 3.2. The characteristic triple of the limiting process V in Theo- 
rem 13.11 is of the same form as in Remark 12.21 

Proof of Theorem 13.11 Case a e (0, 1]. Fix q e N and define 

q-l 

X i = X] ^i Z *-i + ^ Z *-9> * G Z ' 

3=0 

where (p' q = Y^ q <Pi> and 

l nt \ -w-q 

V n,q(t) = — » tE[0,l]. 
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Since the coefficients ip , . . . , f g -i, <p' q satisfy condition ( 12. ip . an application 
of Theorem 12. II to a finite order moving average process (Xf)i yields that 

V n>q (-) -4 $V(-)» n->oo, (3.3) 
in (D[0, 1], d,M 2 )- If we show that for every e > 

lim lim sup P[cZm 2 04,q, V n ) > e] = 0, 

then by a generalization of Slutsky's theorem (see for instance Theorem 3.5 

in Resnick @) it will follow • ) -4 $ V( • ), as n -)• oo, in (D[0, 1], d M2 )- 
Since the Skorohod M2 metric on -D[0, 1] is bounded above by the uniform 
metric on D[0, 1], it suffices to show that 

lim lim sup P I sup \V nyq {t) — V n {t)\ > e I =0. 



q— >oo n—j-oo 



Osgi^l 



Recalling the definitions, we have 



lim lim sup P I sup \V nA {t) — V n {t)\ > e 



( n 

^ lim lim sup P I > 

x i=l 



IX 9 -X: 



> e . 



Put (ft' q = (p q -ip q = EJlg+i and observe 



E w - * 



i=l 



n g— 1 00 

E E Vi^-i + V^-g - E V^-i 
i=i j=o 3=0 



E tfqZi-l- E ^0 Z i-3 
i=l j=q+l 



i=i 



q\ \ t—q\ 



E N i z 



(00 \ n n 

2 E n)Ei^i+ E \ z *-*\ E 
7=0+1 i=l i=— 00 7=1 



j=q+l 

O n (q) 
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Therefore we have to show 



lim lim sup P ( > e ) = 0. (3.4) 



By Lemma 2 in in Avram and Taqqu [ij, we obtain, for large q, 

x / x 5=9+1 i=— oo j=l ' 

where rj is some positive real number satisfying a — t] > 5 and M is a 
positive constant. Since a — r) < a ^ 1, an application of the inequality 
I Y^=i a «l 7 ^ SlLi l a «l 7 w hh di, . . . , a n real numbers and 7 G (0, 1], yields 



(n \ a— jj n 

SlVfl-i+il) ^E 
5=1 y 5=1 



IV^-i+j 



Using this and the fact that every \(pi\ a v , for i = q + 1, q + 2, . . ., appears in 
the sum ^i=-oo Sj=i lv 9 g-«+i| Q_?? a ^ most n times, we obtain 

O (a) \ e~( a +v) / f ~ v a-r, ~ 

^>«) < mL ^H»( 2 E n) +» E n*" 1 



J=9+l 5=9+1 



(00 _ 00 \ 

(2 y, n) q ~"+ E N ^)- ( 3 - 5 ) 



5=9+1 5=9+1 

Since for large q it holds that \ipj\ ^ \^Pj\ 5 and |^j| Q_T? ^ l^Pj] 5 f° r an J ^ 9 + 1) 
from condition ( 13. ip we immediately obtain, as g — >■ 00, 

00 00 
ElVil^O and ^ fer^O. 
5=9+1 5=9+1 

Therefore from (I3.5P letting q — > 00, follows (13. 4p . which means that V n {-)^ 
®V(-), as n -)■ 00, in (Z?[0, 1], d Ma )- 

Case a e (1, 2). Define ^ = - E(Zi), ieZ. Fix q e N and define 

9-1 

x i 9 = E vfii-j + <^_ 9 , « e z, 
5=0 
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and 

IMI ylq 

0*) = Et-> ^M- 



i=i a - 



Then 

LniJ 



1 / \ 

On \ ■ -, / 

Since the coefficients <p Q , . . . , f g -i, <p' q satisfy condition ( 12. ip . Theorem 12. 1\ 
applied to a finite order moving average process {X[ q )i yields that 

V: iQ (-)A^V(-), n^oo, (3.6) 

in (D[0, 1], d M2 ). In order to obtain V n { •)—>■$ V( •), as in the previous case, 
it remains to show that for every e > 

lim \imsupP[d M2 {V',V n ) > e] = 0, 
lim lim sup P ( — VlS— > e j =0. 



As before, by Lemma 2 in Avram and Taqqu [2|, for large q, 



j=g+l i=— oo j'=l 



where 77 is some positive real number satisfying a — rj > 1. Now using 
the inequality | Yli=i a «l 7 ^ Yli=i l a «l w ith a,, . . . , a n real numbers such that 
|ai + . . . + a n \ < 1 and 7 G (1, 2), similarly as before we obtain 

K^H <^(-('Ei*ir%.f>i) 

\ n / \ j=q+l j=q+l / 



(00 00 \ 



and again letting lim g ^ 00 limsup n _ i>00 , the desired result follows. This com- 
pletes the proof. □ 
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